INTRODUCTION
The concept of quantum homogeneous space has been first introduced w x by Manin 1 in the context of the quantization of linear algebraic groups over a field k, algebraically closed and of characteristic 0. A quantum homogeneous space is a deformation of the coordinate ring of an algebraic variety on which there is a transitive action of a linear algebraic group G, together with a coaction of the quantum group associated to G. An Ž . interesting example of a homogeneous space is the grassmannian G r, n of r-subspaces of a vector space V of dimension n. The special linear Ž . Ž . w Ž .x Ž . group SL k acts on G r, n ; k G r, n , the coordinate ring of G r, n , is n w x Ž . given by the subring of k SL , the coordinate ring of SL k , generated n n by the determinants of certain minors. Ž . A first attempt to provide a deformation of G r, n as a quantum w x homogeneous space was made by Taft and Towber 2 . In their paper they w Ž .x exhibit a deformation of the ring k G r, n together with a coaction of w x w x k M on it, where k M is a deformation of the matrix bialgebra. The q n q n w Ž .x generators of the deformed ring k G r, n are in one to one correspon- there explicitly. w x In 3 Lakshmibai and Reshetikhin take a very different approach to a generalization of the same problem. They give quantizations for all the flag manifolds of the classical groups using a quantization of the universal enveloping algebra associated to the Lie algebra of the group. Their approach is very abstract; their quantization depends on the duality between the quantized coordinate ring and the quantized universal enveloping algebra of a group G, and they do not exhibit explicitly the deformations of the Plucker relations. w x A similar approach has been taken also by Soibelman 4 , but his treatment is even more abstract and the non-commutative ring of the quantum grassmannian is not exhibited in any explicit way.
w Ž .x Ž . In this paper we define k G r, n , the deformation of G r, n , in a very q w Ž .x natural way as the subalgebra of k SL k generated by the quantum The difficulty is then transferred to the determination of the commutation rules between the quantum determinants and of the quantum Plucker relations. The relations satisfied by the quantum determinants are of two types:
Ž . 1 commutation relations: for q s 1 these state the commutativity of the coordinate ring of the grassmannian; Ž . 2 quantum Plucker relations: for q s 1 these reduce to the classical Plucker relations.
The question arises whether these relations give a presentation of the deformed grassmannian. We prove that this is true if we change the base Ž . ring from k to A the local subring of k q at q s 1, i.e., the ring of allw x Ž . elements x s frg, f, g g k q , g 1 / 0. w Ž .x At the end we briefly discuss an example of physical interest: k G 2, n q Ž w x . see 5 for more details .
DEFINITION OF THE QUANTUM GRASSMANNIAN
w Ž .x RING k G r, n q Ž .
w y1 x DEFINITION 1.1 . Let k s k q, q , where k is an algebraically closed q ² : field of characteristic 0. Let k a be the free algebra over k with a as q ij q ij w x non-commutative generators. Define k M , the quantum matrix bialgebra, q n as the associative k -algebra with unit generated by n 2 elements a , q i j Ä 4 i, j g 1 . . . n subject to the relations a a s q y1 a a , i -k, a a s a a , i -k, j ) l or i ) k , j -l i j k j k j i j i j k l k l i j a a s q y1 a a , j -l, a a y a a s q y1 y q a a , i -k , j -l Ž .
i j il il i j i j k l k l i j k j il ² : We shall refer to the two-sided ideal in k a generated by these q ij relations as I , the ideal of the Manin relations.
M
We can summarize the Manin relations as
² : All the congruences in k a are modulo I unless otherwise specified. q ij M w x Let's define on k M the comultiplication ⌬ and the counit ⑀ :
is a bialgebra with the given ⌬ and ⑀.
q n Let's now introduce the notion of quantum determinant.
Ž . DEFINITION 1.2 . We define the quantum determinant obtained by tak- This enables us to define the Hopf algebras
where S denotes the antipode. It is customary to identify the indeterminate T with D 1 иии n y1 .
1 иии n w x k GL can be viewed as the non-commutative localization of the ring
w Ž .x Observe that for q s 1 this is the ring k G r, n .
Ž .
w Ž .x w x PROPOSITION 1.4 . k G r, n is a k SL -comodule and the coactionn is gi¨en by ⌬.
where is the permutation that takes j иии j into the ordered set J.
1 r ⌬ satisfies the coaction properties by definition; in fact the coassociativity of a coaction is the same as the coassociativity axiom for ⌬. The same is true for the counit axiom.
w Ž .x Our aim is to give a presentation of the ring k G r, n in terms of q generators and relations. The relations among the generators D 1 иии r will i иии i 1 r be of two types: the commutation relations and the quantum Plucker relations.
To simplify the notation we will denote D 1 иии r with D whenever
there is no danger of confusion. We will start working out the commutation relations among the determiw x Ž . nants as elements of k M . From 1.2 it is clear that such relations will q n w x w x hold in k SL and k GL . obvious. It will turn out to be somewhat involved to determine the commutation rules. We shall do this in Sections 2 and 3. The crucial case is when I l J s л. Because of the involved nature of the commutation rules and their proofs, we have treated as an example in Section 2 the commutation rule between two 3 = 3 quantum determinants. The main result in Section Ž . 2 is theorem 2.19 . We will consider separately the two cases: I l J s л and I l J / л. Ž . Remark 1.6 . Notice that, with the form of the commutation relation Ž . defined in 1.5 , given a generic polynomial p in the generators D 's,
In view of the nature of the relations involved it is w Ž .x sufficient to give a presentation for k G r, 2 r . In fact, if n ) 2 r, given 
x l иии l ; 1 иии n . In case n -2 r, since, as we will see, k G r, n ( 1 2 r q w Ž . x k G n y r, n and n ) 2 n y 2 r, we are back to the case already disq cussed.
COMMUTATION RELATIONS: THE CASE
Ž . tion of a a applied to a a as an expression R a a equal to
. ␥␤ ␣␦ Ž . where the functions A, B, C are as in 1.1 .
If we subtract the second equation from the first we get
Using the definitions of A and C we see that
and this proves the result. For i -k the argument is similar.
Proof. Let p be the first integer such that i y i ) 1. This p must The permutation group S acts on T in the following way:
obtained from by replacing a a with 
We will also say that FsF F is the composition of the two
ing first the operation F and then the operation F on the result.
corresponding to the monomial tensor in t
Notice that T is stable under the operations F 's, i.e., if t g T,
Ž .
Ž . 
Proof. This is by induction on r. The case r s 1 is clear. For general r, Ž w x. using the expansion along the column r, we can write see 6
The last congruence is by the induction hypothesis. Now
Let us look at the last term only, t ' 0 and a F иии F a ᭙I, J, then t s 0.
Assume that t / 0. Then divide each b by the highest power of q y 1
X . dividing the gcd of the b 's. Let t be the tensor so obtained. Then t I J will give a non-trivial relation among the a , which is a contradiction. Ž . and Q as in Definition 2.5 . Given a multi-index K and its complement
relation -on the elements of P: p -p if and only if p s k ,
We say that the monomial tensor g T is in order
is. The given
order relation allows us to define a total order on the a 's; namely
number of transpositions of adjacent p 's necessary to go from P to 
Proof. This is obvious.
where b s 0 or P s P . 
Then: Proof. By induction on l . For l s 0 it is obvious. Let l ) 0. 
where ' and
Proof. This comes from 2.17 and 2.8 .
Ž
. Ž . Ž . 
Ž . Hence by the induction hypothesis
To finish the proof of the theorem and obtain from )) the required congruence, we need to show that
Let t be the tensor
T monomial tensors and for some integer
By induction we have that
Ž . But by Lemma 2.12 ,
Ž . Let's write t as t s t q t , where Ž . .
Since s m, m q 1 for some m and m g I ,
Ž . Ž . no s 12 see how the standard transpositions are defined we have 
. 123 456 Ž . We can write it using the notation of Proposition 2.21 , i.e., the fact that 
. 123 456 Ž . In the notation of Proposition 2.21 after some simplifications this becomes 
Ž . 124 356
All these relations can be verified by direct computation.
COMMUTATION RELATIONS: THE CASE I l J / л
Now we turn to the problem of determining the commutation rule for D D , in case I l J / л. 
Ž . Ž .
Ž .ˆ1 иии j иии j иии n . Define on A the morph-1
Because of the nature of the Manin relations is well defined and it is an w Ž . x isomorphism. Its image is k G n y r, n . и ) is the anti-isomorphism q w Ž .x w Ž . x that identifies k G r, n and k G n y r, n . 
here N is the length of the standard tower for J in I j J. By Proposi-Ž . tion 2.21
Since D is central element we can write 
U e the standard dual basis for V . Define
Vr e m e y qe m e , e m e , 1F i -j F n Ž .
We will indicate the products in H s V and H s V U with the same symbolH. As in the commutative case we have that
Notice that e n иии n e is the dual basis of e n иии n e : e n j j i i j
U .Ž . иии n e e n иии n e s ␦ . ny r иии n nyr n Ž . Obser¨ation 4.2 . Let be defined as above. Consider the two maps, Ž . with D resp. D denoting the quantum resp. classical determinants.
I I
The horizontal maps are surjective. Let J be the kernel of and I GŽ r, 2 r . Ž . the two-sided ideal generated by the commutation relations C and the Ž . Plucker relations P . We know that J is homogeneous while I is 
Ž .

GŽ r , 2 r . m m
We now make some observations. Ž . Ž Ž² :. I A is torsion-free as a module over A because it is free; The argument now depends on three key facts.
Ž .
1 a , a , . . . , a are linearly independent o¨er A mod J . Otherwise 2 a , a , . . . , a , b , b , . . . , b form a basis for A o¨er A . i j 1Fi , jFm
